Rotations and Angular Momentum

In three dimensions, the position and momentum eigenvalue problems read

r|lr)=r|r) and p|p)=p|p), (1)

with
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1 Rotation operators

Rotations of a vector about the z; (i = 1,2,3 = z,y, 2...) axes by a finite angle are represented by
the rotation matrices

R 1 0 0 R cos@ 0 sinf R cosf —sinf 0
R,(0) =10 cosf —sinf |, R,(0)= 0 1 0 |, R, (0)=|sinf cosf O
0 sinf cosf —sinf 0 cosf 0 0 1

(2)

Here, I used the same angle 6 for the three rotations for simplicity; in general, the angles should be
different to cover all possibilities.

The generator of infinitesimal rotations

Consider rotations by an infinitesimal angle d6. Using Taylor expansions to the lowest order in 66
ie. cosdf ~1— %592, sin 06 = §6, the rotation operators become



1 0 0
R,(60)~ [0 1—306 —660 |, (3)
0 460  1-—166?
R 1—466 0 40
R, (66) ~ 0 1 0 : (4)
—060 0 1-— 1667

R 1—466° =60 0
R.(00) ~ 560 1—160% 0. (5)
0 0 1

Expressing the non-commutativity of successive rotations,

- 0 —56° 0
R, (560),R,(50)] = [ 66> 0
0 0

=R.(60)-T = —i =G. (6)

The last line of Eq. 6 introduces G , the generator of infinitesimal rotations about the z axis, through

R.(00) =T —i 5—5@.

The nature of G

Let’s assume a quantum system (e.g. a molecule) is in state [¢)), and focus on rigid-body rotations
about the z axis, given by I@Z(H) Any three-dimensional vector operator V is transformed into
VvV = HA%Z(G)‘A/ As a consequence, its expectation value in the given state |¢)) is transformed via
(V') = R,(6)(V), where (V') = (¢|V'|¢)) and (V) = (¢|V[¢). In particular, for the position
vector operator |r) one has

Y = R.(0)F.

We then impose—postulate—forward (positive) and reverse (negative) rotations about the z axis
as

lr ) = @2(0)? L |z cos@ — ysinf, xsinf + ycosh, z), (7)
lr_) = @2(9)? = |z cos@ +ysinf, —xsinf + ycosh, z) = ]@Z(—H). (8)
Now, we can construct G from infinitesimal rotations. First, define the corresponding forward and

reverse rotations by keeping up to O(d6):
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R.(00)|r) = | — yob, 200 +y, 2), (9)
RI(60)|7r) = |2 + y60, —260 + v, z) = R,(—66). (10)

Next, consider the effect of rotations on a wavefunction, through ¢ (r) — ¢'(r) = (r@z(é@)w})

(P[R-(80) 1)) = (& + o8, —200 +y, 2[¢p) = v(z + ydb, 200 +y, 2) (11)
which becomes

(i =i @@w) - (Zw>y59 - (%)9559 L 056

»er) — z— r|Glg) = wbr) + [2(~ihd,) + y(ihdy)]v(r).
The net result is

(r|GlY) = (r| TP, — §P. |¥) = (r|L.|9). (12)

Eq.12 concludes that the generator of rotations about the z axis is the z-component of the orbital
angular momentum i.e. G = L_; this translates to

R.(66) =1 — Z%L (13)

Finite-angle rotations

A rotation by a finite angle 6 is obtained as an infinite sequence of successive infinitesimal rotations
by angle 06 = A}im (0/N). Using Eq.13,
—00

~

~ N
~ N ~ ~
R.(0) = lim [RZ(M)] — lim [H—z(%) % = exp (—@%L) (14)

The negative-angle action imposed on a position eigenket through Eqs. 8 and 10 ensures that the
rotation operator R, is unitary i.e. RLRZ =1= RZRL This, in turn, makes the generator, L.,
Hermitian. Equations 13 and 14 apply equally to rotations about the z and y axes; the corresponding
generators are the respective operators L, and L,, also Hermitian. The three components of the

vector angular momentum operator L can be expressed in condensed form using the Levi-Civita

tensor,
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2 Important commutators

i, D;] = ihdyj, [2i, 5] = 0 = [pi, Pyl
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(15)
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